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a b s t r a c t
In this paper, we will derive several error inequalities for a quadrature formula with a
parameter, which will not only provide some generalizations of the known results, but
also give some other interesting quadrature formulae as special cases. Furthermore, sharp
upper and lower error bounds for the double error inequalities are obtained. Applications
in numerical integration are also given.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
To begin this paper, we introduce the following notations
I(f ) =
∫ b
a
f (t)dt,
Q (f , k) = b− a
2
[
f
(
a+ b
2
− k(b− a)
)
+ f
(
a+ b
2
+ k(b− a)
)]
,
Q1(f , k) = Q (f , k)+ 12
(
1
12
− k2
)
S(b− a)3,
where
S = f
′(b)− f ′(a)
b− a .
In recent years a number of authors have considered error inequalities for some known and some new quadrature
formulae. Sometimes they have considered generalizations of these formulae. For example see [1–3]where themidpoint and
trapezoid quadrature rules are considered. In [4], N. Ujevic´ obtained the following optimal two-point quadrature formula
in the sense that it has a minimal error bound.
Theorem 1. Let I ⊂ R be an open interval such that [a, b] ⊂ I and let f : I → R be a twice differentiable function such that
f ′′ is bounded and integrable. Then we have
I(f ) = Q (f , 2−√3)+ R(f , 2−√3), (1)
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and
|R(f , 2−√3)| ≤ 7− 4
√
3
8
‖f ′′‖∞(b− a)3. (2)
In [5], the same author proved the next result.
Theorem 2. Let I ⊂ R be an open interval such that [a, b] ⊂ I and let f : I → R be a twice differentiable function such that
f ′′ ∈ L2(a, b). Then we have
I(f ) = Q
(
f ,
3−√6
2
)
+ R
(
f ,
3−√6
2
)
, (3)
and ∣∣∣∣∣R
(
f ,
3−√6
2
)∣∣∣∣∣ ≤
√
49
80
− 1
4
√
6 ‖f ′′‖2(b− a)5/2. (4)
In [6], the following perturbed (corrected) quadrature formula with sharp upper and lower error bounds was derived.
Theorem 3. Let f ∈ C2(a, b). Then we have
I(f ) = Q1
(
f ,
1
4
)
+ R1
(
f ,
1
4
)
, (5)
and
1
48
(S − Γ )(b− a)3 ≤ R1
(
f ,
1
4
)
≤ 1
48
(S − γ )(b− a)3, (6)
where γ ,Γ are real numbers such that γ ≤ f ′′(t) ≤ Γ , t ∈ [a, b].
In this paper, we will derive several error inequalities for a quadrature formula with a parameter for twice differentiable
functions, which will not only provide some generalizations of [3,4,6,7], but also give some other interesting quadrature
formulae as special cases and show that Theorem 3 is optimal. Furthermore, sharp upper and lower error bounds for the
double error inequalities are obtained. Applications in numerical integration are also given. Similar inequalities are also
considered in [8–12].
2. Main results
2.1. Sharp double error inequalities
Theorem 4. Let I ⊂ R be an open interval, a, b ∈ I, a < b. If f : I → R is a twice differentiable function such that f ′′ is
integrable and there exist constants γ ,Γ ∈ R, with γ ≤ f ′′(t) ≤ Γ , t ∈ [a, b], 0 ≤ k ≤ 1/2. Then we have
I(f ) = Q (f , k)+ R(f , k),
where [
1
2
(
1
2
− k
)2
S −
(
k2 − k
2
+ 1
12
)
Γ
]
(b− a)3 ≤ R(f , k)
≤
[
1
2
(
1
2
− k
)2
S −
(
k2 − k
2
+ 1
12
)
γ
]
(b− a)3, (1)
for k ∈ [0, 1−
√
2
2 ], and
1
2
[(
k− 1
4
)
S −
(
k2 + k− 1
3
)
Γ
]
(b− a)3 ≤ R(f , k)
≤ 1
2
[(
k− 1
4
)
S −
(
k2 + k− 1
3
)
γ
]
(b− a)3, (2)
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for k ∈ (1−
√
2
2 ,
1
2 ]. If γ ,Γ are given by
γ = min
t∈[a,b] f
′′(t), Γ = max
t∈[a,b]
f ′′(t). (3)
The inequalities given by (1) and (2) are sharp in the usual sense provided that k 6=
√
3
6 .
Proof. Let p1, p2 : [a, b] → R be given by
p1(t) =

t − a, t ∈
[
a,
a+ b
2
− k(b− a)
]
t − a+ b
2
, t ∈
(
a+ b
2
− k(b− a), a+ b
2
+ k(b− a)
)
t − b, t ∈
[
a+ b
2
+ k(b− a), b
]
,
p2(t) =

1
2
(t − a)2, t ∈
[
a,
a+ b
2
− k(b− a)
]
1
2
(t − a)(t − b)+ 1
2
(
1
2
− k
)
(b− a)2, t ∈
(
a+ b
2
− k(b− a), a+ b
2
+ k(b− a)
)
1
2
(t − b)2, t ∈
[
a+ b
2
+ k(b− a), b
]
.
Integrating by parts, we obtain∫ b
a
p2(t)f ′′(t)dt = −
∫ b
a
p1(t)f ′(t)dt = I(f )− Q (f , k). (4)
We also have∫ b
a
p2(t)dt = 1− 12k
2
24
(b− a)3. (5)
From (4) and (5) it follows∫ b
a
[f ′′(t)− γ ]p2(t)dt = I(f )− Q (f , k)− 1− 12k
2
24
γ (b− a)3 (6)
and ∫ b
a
[Γ − f ′′(t)]p2(t)dt = Q (f , k)− I(f )+ 1− 12k
2
24
Γ (b− a)3. (7)
On the other hand, we have∫ b
a
[f ′′(t)− γ ]p2(t)dt ≤ max
t∈[a,b]
|p2(t)|
∫ b
a
|f ′′(t)− γ |dt
=

1
2
(
1
2
− k
)2
(S − γ )(b− a)3, if k ∈
[
0, 1−
√
2
2
]
,
1
2
(
k− 1
4
)
(S − γ )(b− a)3, if k ∈
(
1−
√
2
2
, 1
]
.
(8)
From (6) and (8) it follows
I(f )− Q (f , k) ≤

[
1
2
(
1
2
− k
)2
S −
(
k2 − k
2
+ 1
12
)
γ
]
(b− a)3, if k ∈
[
0, 1−
√
2
2
]
,
1
2
[(
k− 1
4
)
S −
(
k2 + k− 1
3
)
γ
]
(b− a)3, if k ∈
(
1−
√
2
2
,
1
2
]
.
(9)
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We also have∫ b
a
[Γ − f ′′(t)]p2(t)dt ≤ max
t∈[a,b]
|p2(t)|
∫ b
a
|Γ − f ′′(t)|dt
=

1
2
(
1
2
− k
)2
(Γ − S)(b− a)3, if k ∈
[
0, 1−
√
2
2
]
,
1
2
(
k− 1
4
)
(Γ − S)(b− a)3, if k ∈
(
1−
√
2
2
,
1
2
]
.
(10)
From (7) and (10) it follows
I(f )− Q (f , k) ≥

[
1
2
(
1
2
− k
)2
S −
(
k2 − k
2
+ 1
12
)
Γ
]
(b− a)3, if k ∈
[
0, 1−
√
2
2
]
,
1
2
[(
k− 1
4
)
S −
(
k2 + k− 1
3
)
Γ
]
(b− a)3, if k ∈
(
1−
√
2
2
,
1
2
]
.
(11)
From (9) and (11) we obtain (1) and (2).
If we now substitute f (t) = (t − a)2 in the inequalities (1) or (2) then we find that the left-hand side, middle term and
right-hand side are all equal to ( 112 − k2)(b − a)3. Thus, the inequalities (1) and (2) are sharp in the usual sense provided
that k 6= √3/6. 
Remark 1. We note that in the special cases, if we take k = 0 in Theorem 4, we get Theorem 3 in [3].
Corollary 1. Under the assumptions of Theorem 4with k = 1−
√
2
2 we have the following sharp two-point quadrature formula
I(f ) = Q
(
f , 1−
√
2
2
)
+ R
(
f , 1−
√
2
2
)
, (12)
and (
3− 2√2
8
S − 13− 9
√
2
12
Γ
)
(b− a)3 ≤ R
(
f , 1−
√
2
2
)
≤
(
3− 2√2
8
S − 13− 9
√
2
12
γ
)
(b− a)3. (13)
Corollary 2. Under the assumptions of Theorem 4 with k = 12 we have the following double Trapezoid inequality
5γ − 3S
24
(b− a)3 ≤ b− a
2
[f (a)+ f (b)] −
∫ b
a
f (t)dt ≤ 5Γ − 3S
24
(b− a)3. (14)
If γ ,Γ are given by (3) then the inequalities (14) are sharp.
If we add the quantity− 12
( 1
12 − k2
)
S(b− a)3 to the left-hand side, middle term and right-hand side of the relation (1)
and (2), we obtain the following
Corollary 3. Under the assumptions of Theorem 4 we have the corrected quadrature formula
I(f ) = Q1(f , k)+ R1(f , k),
where [(
k− 1
4
)2
+ 1
48
]
(S − Γ )(b− a)3 ≤ R1(f , k) ≤
[(
k− 1
4
)2
+ 1
48
]
(S − γ )(b− a)3, (15)
for k ∈ [0, 1−
√
2
2 ], and
1
2
[(
k+ 1
2
)2
− 7
12
]
(S − Γ )(b− a)3 ≤ R1(f , k) ≤ 12
[(
k+ 1
2
)2
− 7
12
]
(S − γ )(b− a)3, (16)
for k ∈ (1−
√
2
2 ,
1
2 ].
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Corollary 4. Under the assumptions of Corollary 3 with k =
√
3
6 we have the following two-point Gauss quadrature formula
I(f ) = Q
(
f ,
√
3
6
)
+ R1
(
f ,
√
3
6
)
, (17)
and
2−√3
12
(S − Γ )(b− a)3 ≤ R1
(
f ,
√
3
6
)
≤ 2−
√
3
12
(S − γ )(b− a)3, (18)
where Q
(
f ,
√
3
6
)
= Q1
(
f ,
√
3
6
)
.
Remark 2. It is interesting to notice that the smallest upper bound and largest lower bound for (15) is obtained at k = 14 .
Thus Theorem 3 is optimal in the current situation.
2.2. Error inequalities for f ′′ ∈ L1(a, b)
Theorem 5. Let I ⊂ R be an open interval, a, b ∈ I, a < b, 0 ≤ k ≤ 1/2. If f : I → R is a twice differentiable function such
that f ′′ ∈ L1(a, b). Then we have
I(f ) = Q (f , k)+ R(f , k),
and
|R(f , k)| ≤

1
2
(
1
2
− k
)2
‖f ′′‖1(b− a)2, if k ∈
[
0, 1−
√
2
2
]
,
1
2
(
k− 1
4
)
‖f ′′‖1(b− a)2, if k ∈
(
1−
√
2
2
,
1
2
]
.
(19)
Proof. Let p1, p2 : [a, b] → R be given as in the proof of Theorem 4. It follows from (4) that
|I(f )− Q (f , k)| ≤ max
t∈[a,b]
|p2(t)|
∫ b
a
|f ′′(t)|dt ≤

1
2
(
1
2
− k
)2
‖f ′′‖1(b− a)2, if k ∈
[
0, 1−
√
2
2
]
,
1
2
(
k− 1
4
)
‖f ′′‖1(b− a)2, if k ∈
(
1−
√
2
2
,
1
2
]
.

Corollary 5. Under the assumptions of Theorem 5 with k = 1−
√
2
2 we have the following two-point quadrature formula
I(f ) = Q
(
f , 1−
√
2
2
)
+ R
(
f , 1−
√
2
2
)
, (20)
and ∣∣∣∣∣R
(
f , 1−
√
2
2
)∣∣∣∣∣ ≤ 3− 2
√
2
8
‖f ′′‖1(b− a)2. (21)
Remark 3. Wenote that in the special cases, if we take k = 12 in Theorem 5, we get the trapezoid inequality for f ′′ ∈ L1(a, b)
in [7].
2.3. Error inequalities for f ′′ ∈ L∞(a, b)
Theorem 6. Let I ⊂ R be an open interval, a, b ∈ I, a < b, 0 ≤ k ≤ 1/2. If f : I → R is a twice differentiable function such
that f ′′ is bounded and integral. Then we have
I(f ) = Q (f , k)+ R(f , k),
W. Liu / Computers and Mathematics with Applications 56 (2008) 1766–1772 1771
and
|R(f , k)| ≤

1
2
(
1
12
− k2
)
‖f ′′‖∞(b− a)3, if k ∈
[
0,
1
4
]
,
1
2
[(
1
12
− k2
)
+ 1
3
(4k− 1) 32
]
‖f ′′‖∞(b− a)3, if k ∈
(
1
4
,
1
2
]
.
(22)
Proof. Let p1, p2 : [a, b] → R be given as in the proof of Theorem 4. It follows from (4) that
|I(f )− Q (f , k)| ≤ ‖f ′′‖∞
∫ b
a
|p2(t)|dt. (23)
By simple calculation, we have∫ b
a
|p2(t)|dt = 12
∫ a+b
2 −k(b−a)
a
(t − a)2dt + 1
2
∫ b
a+b
2 +k(b−a)
(t − b)2dt
+ 1
2
∫ a+b
2 +k(b−a)
a+b
2 −k(b−a)
∣∣∣∣(t − a)(t − b)+ (12 − k
)
(b− a)2
∣∣∣∣ dt
:= I + II + III,
where
I = II = 1
6
(
1
2
− k
)3
(b− a)3,
III =

k
(
1
3
k2 − k+ 1
4
)
(b− a)3, if k ∈
[
0,
1
4
]
,
k
[(
1
3
k2 − k+ 1
4
)
+ 1
6
(4k− 1) 32
]
(b− a)3, if k ∈
(
1
4
,
1
2
]
.
Therefore
∫ b
a
|p2(t)|dt =

1
2
(
1
12
− k2
)
(b− a)3, if k ∈
[
0,
1
4
]
,
1
2
[(
1
12
− k2
)
+ 1
3
(4k− 1) 32
]
(b− a)3, if k ∈
(
1
4
,
1
2
]
.
(24)
From (23) and (24) we obtain (22). 
Remark 4. We note that in the special cases, if we take k = 2 −√3 in Theorem 6, we get Theorem 1. If we take k = 12 in
Theorem 6, we get the trapezoid inequality for f ′′ ∈ L∞(a, b) in [7].
Corollary 6. Under the assumptions of Theorem 6 with k = 14 we have the following two-point quadrature formula
I(f ) = Q
(
f ,
1
4
)
+ R
(
f ,
1
4
)
, (25)
and ∣∣∣∣R(f , 14
)∣∣∣∣ ≤ 196‖f ′′‖∞(b− a)3. (26)
3. Applications in numerical integration
In this section, we only give applications of Corollaries 3 and 4 in numerical integration as an example. In fact, we can
obtain similar applications of the other inequalities established in Section 2.
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Theorem 7. Let the assumptions of Corollary 3 hold. Then we have
I(f ) = Q1(f , k, n)+ R1(f , k, n),
and [(
k− 1
4
)2
+ 1
48
]
1
n2
(S − Γ )(b− a)3 ≤ R1(f , k, n) ≤
[(
k− 1
4
)2
+ 1
48
]
1
n2
(S − γ )(b− a)3,
where
Q (f , k, n) = b− a
2n
n−1∑
i=0
[
f
(
xi + xi+1
2
− k(xi+1 − xi)
)
+ f
(
xi + xi+1
2
+ k(xi+1 − xi)
)]
,
Q1(f , k, n) = Q (f , k, n)+ 12n2
(
1
12
− k2
)
(f ′(b)− f ′(a))(b− a)2,
and xi = a+ ih, h = (b− a)/n, i = 0, 1, 2, . . . , n.
Proof. Apply Corollary 3 to the interval [xi, xi+1], i = 0, 1, 2, . . . , n− 1 and sum. Then use the triangle inequality to obtain
the desired result. 
Corollary 7. Under the assumptions of Theorem 7 we have
I(f ) = Q
(
f ,
√
3
6
, n
)
+ R1
(
f ,
√
3
6
, n
)
,
and
2−√3
12n2
(S − Γ )(b− a)3 ≤ R1
(
f ,
√
3
6
, n
)
≤ 2−
√
3
12n2
(S − γ )(b− a)3.
Proof. Apply Corollary 4 to the interval [xi, xi+1], i = 0, 1, 2, . . . , n− 1 and sum. Then use the triangle inequality to obtain
the desired result. 
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